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The surface states of a topological insulator in a fine-tuned magnetic field are ideal candidates for
realizing a topological metal which is protected against disorder. Its signatures are (1) a conductance
plateau in long wires in a finely tuned longitudinal magnetic field and (2) a conductivity which always
increases with sample size, and both are independent of disorder strength. We numerically study how
these experimental transport signatures are affected by bulk physics in the interior of the topological
insulator sample. We show that both signatures of the topological metal are robust against bulk
effects. However the bulk does substantially accelerate the metal’s decay in a magnetic field and
alter its response to surface disorder. When the disorder strength is tuned to resonance with the
bulk band the conductivity follows the predictions of scaling theory, indicating that conduction is
diffusive. At other disorder strengths the bulk reduces the effects of surface disorder and scaling
theory is systematically violated, signaling that conduction is not fully diffusive. These effects will
change the magnitude of the surface conductivity and the magnetoconductivity.
PACS numbers: 73.25.+i,71.70.Ej,73.20.Fz, 73.23.-b
I. INTRODUCTION
The Dirac fermions residing on the surface of strong
topological insulators (TIs) provide a new opportunity
for realizing a topological metal which remains conduct-
ing regardless of disorder strength or sample size.1–7 This
metal should be general to any single species of Dirac
fermions which breaks spin symmetry but retains time
reversal symmetry. When the Fermi level is tuned in-
side the TI’s bulk band gap, all states inside the TI bulk
are localized. Conduction can occur only on the TI sur-
face, which hosts a single species of two-dimensional (2-
D) Dirac fermions.61 These are predicted to remain al-
ways conducting regardless of disorder strength, forming
a topological metal.
Many beautiful TI experiments have visualized the
Dirac cone, spin-momentum locking, Landau levels with√
n spacing, and SdH oscillations.8,9 These signals are
visible only when either momentum or the Landau level
index are approximately conserved; they disappear when
disorder is strong. In contrast, the topological metal’s
hallmark is robust surface conduction at any disorder
strength and in large samples, even when disorder de-
stroys the Dirac cone. In this article we will focus on
experimental signatures of this protection against disor-
der.
We will show that bulk physics in the TI’s interior sub-
stantially modifies the topological metal. Even though it
is a surface state, in response to disorder it may explore
the TI bulk or even tunnel between surfaces. We used
several months on a large parallel supercomputer to per-
form extensive calculations of conduction, including both
bulk and surface physics.
Two experimental signatures are available for proving
incontrovertibly that a topological metal is indeed robust
against disorder. The first is a quantized conductance
in long wires. In ordinary wires the conductance G de-
creases with wire length until only one channel remains
open, i.e. G = e
2
h , and then transits into a localized phase
where the last channel decays exponentially. In contrast
the topological metal exhibits one perfectly conducting
channel (PCC) which remains forever topologically pro-
tected, so in long wires the conductance is quantized at
G = e
2
h .
10–17 The PCC can be realized only when there
is no gap in the surface states’ Dirac cone. In TI wires
locking between spin and momentum creates a gap, but a
specially tuned longitudinal magnetic field B can be used
to close the gap and realize the PCC’s quantized conduc-
tance. In this fine-tuned scenario B breaks time rever-
sal symmetry and causes the PCC to eventually decay.
Our results will confirm the PCC’s robustness against
bulk effects, and show that both the optimal value of B
and the PCC’s optimal decay length are altered by bulk
physics. These results, and the PCC’s response to sample
dimensions, magnetic fields, and disorder, will be useful
to experimental PCC hunters.
The second key signature of the topological metal con-
cerns the diffusive regime, where the sample aspect ratio
L/W is small enough that several conducting channels re-
main open, but the sample is still bigger than the scatter-
ing length. (W and L are the sample width and length.)
In this regime, regardless of disorder strength, a topolog-
ical metal’s conductivity σ = GL/W always increases
when the length L and width W are increased in pro-
portion to each other.18–26 This signature contrasts with
non-topological materials where the conductivity can al-
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2ways be forced to decrease by making the disorder large
enough.19,27 In both cases the increasing conductivity -
called weak antilocalization (WAL) - can be removed by
introducing a weak magnetic field; experimental studies
of the TI magnetoconductivity are extremely popular. In
the diffusive regime both the conductivity and the mag-
netoconductivity are expected to follow universal curves
prescribed by scaling theory, independent of sample de-
tails.
Here we will confirm that the always-increasing con-
ductivity is robust against both bulk effects and very
strong disorder. We will also show that the bulk reduces
scattering and causes violation of the universality pre-
dicted by scaling theory, which implies that the topolog-
ical metal’s conduction is not purely diffusive. This has
immediate consequences for experiments: we expect that
magnetoconductivity measurements are sensitive to bulk
physics, and that the magnitude of the observed signal
will vary systematically with the Fermi level and disorder
strength.
Lastly, we find that the bulk reduces the effects of scat-
terers residing on the TI surface. The topological metal
is free to reroute around scatterers, into the TI bulk.
This is a second level of topological protection, in addi-
tion to the well-known suppression of backscattering. It
should change the surface conductivity and increase the
topological metal’s robustness against issues of sample
purity, substrates, gating, etc.
II. THE MODEL
The topological metal is independent of any short-scale
variation in the TI sample, including any microscopic de-
tails of the Hamiltonian. Its two signatures are regulated
by only two parameters: the scattering length and lo-
calization length. Because we are concerned with Fermi
energies inside the bulk band gap, bulk effects on the
topological metal can depend on only a small number of
parameters - the Fermi level, the Fermi velocity, the pen-
etration depth, the bulk band gap, and the bulk spectral
width. Therefore we study a computationally efficient
minimal tight binding model of a strong TI implemented
on a cubic lattice with dimensions H,W , and L. With
four orbitals per site, the model’s momentum represen-
tation is:
H(~k) = 2Γ1 − 1
2
3∑
i=1
(Γ1 − ıΓi+1)e−ıkia +H.c. (1)
Γi are the Dirac matrices 1⊗σz,−σy⊗σx, σx⊗σx,−1⊗σy,
a = 1 is the lattice spacing, and the penetration depth
is d ∝ a.28 We include a magnetic field oriented lon-
gitudinally along the axis of conduction by multiply-
ing the hopping terms by Peierls phases.62 This non-
interacting model exhibits a spectral width ∆E = 10,
a bulk band gap in the interval E = [−1, 1], a single
Dirac cone in the bulk gap, and Fermi velocity vF = 2.
To this model we add uncorrelated white noise disor-
der u(x). On each individual site the disorder is propor-
tional to the identity and its strength is chosen randomly
from the interval [−U/2, U/2], where U is the disorder
strength. We attach two clean semi-infinite leads that
have W × H cross-sections equal to that of the sam-
ple itself and evaluate the conductance using the Caroli
formula29,30 G = − e2h Tr((ΣrL−ΣaL)GrLR(ΣrR−ΣaR)GaRL).
Ga, Gr = (EF − H − u ∓ ı)−1 are the advanced and
retarded single-particle Green’s functions connecting the
left and right leads, and ΣL,R are the lead self-energies.
31
In our study we will leave the TI bulk pure, since the
main effects of bulk disorder on the surface states can
be duplicated by adjusting the bulk parameters. In par-
ticular, the bulk band width widens, the bulk band gap
narrows, and the penetration depth increases. These pa-
rameters are only weakly sensitive to disorder when the
disorder is small compared to the band width. When the
disorder strength approaches the band width the bulk
states gradually delocalize, surface states are eventually
destroyed by tunneling through the bulk, and the ma-
terial ceases to be a TI.32–36 In contrast our focus here
is on bulk effects on a healthy topological metal, which
are controlled only by the few bulk parameters which
we have listed. We include only surface disorder, which
has been extensively investigated experimentally because
practical TI devices may be capped, gated, bombarded,
or left exposed to atmosphere.37–46
III. THE PERFECTLY CONDUCTING
CHANNEL
In Figures 1 and 2 we focus on the topological metal’s
PCC signature, which is a quantized conductance plateau
seen in very long samples. We set the disorder strength
to U = 2, and the Fermi energy is EF = 0.7 in both
the sample and the leads. Figure 1a shows the plateau
in W × H slabs, which retain all bulk physics but are
simplified by avoiding the gap in the surface Dirac cone.
The plateau conductance is G = 2 e
2
h because each surface
hosts a PCC. We define the PCC decay length λ, i.e. the
plateau length, as the wire length where the conductance
is half of its plateau value.63 Figure 1c shows that λ grows
exponentially as the slab height H increases from 3 to 8,
which proves that the PCC decay is caused by tunneling
and is exponentially small except in very thin slabs.47
This is disorder-enabled tunneling; λ diverges in pure
slabs.
Next we turn to W × W TI wires, where the PCC
is realized only after we remove the gap in the Dirac
cone. Since spin is locked to momentum in TIs, paral-
lel transport of the spin on one circuit around a wire’s
circumference causes a pi Berry phase. This causes a
small gap ∆B = 2
√
2vF /C where C is the wire circum-
ference. However the pi phase can be canceled and the
gap removed if the magnetic flux through the wire is fine-
tuned to produce an additional pi phase.15,16,48–50 Figure
3 0
 1
 2
10
2
10
4
10
6
G
 [
e
2
/ h
]
L
(a)
H
3
4
5
6
7
8
10
3
10
4
10
5
 3  4  5  6  7  8
!
H
(c)
 0
 1
 2
10
2
10
3
10
4
G
 [
e
2
/ h
]
L
(b) W=H
4
5
6
7
8
9
10
11
12
14
16
18
10
2
10
3
10
4
3 6 8 12 16 20
!
W
(d)
FIG. 1: (Color online.) The perfectly conducting channel
(PCC), a topologically protected conductance plateau in very
long TI samples. (a,b) The conductance plateau as a function
of length L in (a) W × H slabs with no magnetic field, and
in (b) W ×W wires with a fine-tuned longitudinal field. (c)
In slabs the decay length λ is controlled by tunneling and
scales exponentially with slab height H. (d) In wires the
decay length scales with W 3 and is caused by the surface
state’s penetration into the bulk. The dotted lines are (c)
λ ∝ exp(1.12 H) and (d) λ = 4W 3.
1b shows our results after numerically optimizing B to
maximize the PCC lifetime, which at leading order kept
the magnetic length LB ∝
√
~/eB proportional to the
wire width W . The obvious PCC conductance plateau
confirms that the topological metal is robust in wires.
Figure 1d presents the first numerical calculations of
the PCC decay length λ’s dependence on the wire width
W in a model which includes the TI bulk. Our results
are of high accuracy, with errors of a few percent. They
required calculation of very long and wide wires, numeri-
cal optimization of B, and many samples (from N = 864
for W ≤ 12 to N = 80 for W = 18). They prove that
PCC decay in wires is much faster than a slab’s exponen-
tially slow decay, and that λ scales with the cube of the
wire width λ ≈ αW 3, with prefactor α ≈ 4. This points
to the magnetic field and not tunneling as the dominant
source of PCC decay in TI wires.
The decay length’s cubic W 3 scaling is caused by bulk
physics. Previously λ ∝W 4 scaling was predicted based
on a bulk-independent mechanism16,51. Diffusion into
the bulk52 is also expected to scale with L4B ∝W 4. If we
note that the large value of α prohibits instances of the
inverse scattering length l−1 ≈ 1/30a (see the supplemen-
tal material), then simple dimensional analysis obtains
λ ∝W 3/d2, where d ∝ a is the penetration depth of the
surface states. This implies that the fastest mechanism
of PCC decay is caused by the surface state’s penetration
into the bulk.
Bulk physics also combines with surface disorder to al-
ter the magnetic field strength which maximizes λ. In any
TI disorder on the surface will push the topological states
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FIG. 2: (Color online.) The conductance plateau’s depen-
dence on magnetic field B at disorder strength U = 2. The
wire lengths of the 20 × 20 wires (right pane) are chosen to
be about 8 times bigger than the wire lengths of the 10× 10
wires (left pane). On the x axis we plot the magnetic field,
rescaled by W/4B0 ∝ W 3. The match between the 10 × 10
and 20 × 20 wires proves that the decay length scales with
W 3 and that the conductance peak’s width (in B) scales with
W−3. At U = 2 bulk effects cause the conductance peak to
shift to a larger field strength, so we have subtracted from B
the optimal field strength B0 at zero disorder.
into the bulk, rescaling their magnetic cross-section by
(1− 4δ/W ).28,47,53 δ is their displacement, which can be
determined from the shift in optimal magnetic field via
δ = (Bopt−B0)(W/4B0), where Bopt and B0 are respec-
tively the optimal fields at finite disorder U and at zero
disorder U = 0. Figure 2 plots the conductance at U = 2
as a function of δB (W/4B0), δB = B−B0. It shows that
the displacement at U = 2 is about 0.06 lattice units and
the change in optimal field is Bopt −B0 = 0.24B0/W .
The two panes of Figure 2 show that after rescaling by
W/4B0 the conductance peak has the same position and
width in both 10 × 10 and 20 × 20 wires. This proves
that both the optimal value and the peak width of the
magnetic field scale with B0δ/W ∝W−3. In thick wires
the PCC will not be visible unless the magnetic field is
very finely tuned with an accuracy proportional to W−3.
We expect that this formula, the previous scaling formu-
las, and the graphs of the PCC peak will all be useful for
PCC hunters.
IV. THE CONDUCTIVITY
In Figure 3 we turn to studying the topological metal’s
second signature, a conductivity σ which grows robustly
with sample size regardless of disorder strength. We have
carefully controlled for many effects and errors. σ grows
only in the diffusive regime where several channels remain
conducting, and here it is independent of sample width
W . Figure 3a shows that both σ and its logarithmic
derivative β(L) = d lnσ/d lnL converge to their diffusive
values when W > 1.1L; we restrict our remaining data to
this converged regime. Moreover in the diffusive regime
both large slabs and large wires have the same conduc-
tivity; the gap is erased by disorder, and has no effect
even at E = 0. (See the supplemental material.) Here
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FIG. 3: (Color online.) The conductivity σ and its loga-
rithmic derivative β(L) = d lnσ/d lnL. (a) Convergence of
β and σ (in inset) as the sample width W is increased from
15 to 80. (c) The resonance between the topological sur-
face state and the bulk band, manifested as valleys in both
β (solid lines) and 2/piσ (dashed lines). At the resonance
center the topological state is most strongly disordered, and
also exhibits the largest conductivity. (b) Topological protec-
tion ensures that the surface states’ conductivity σ always in-
creases with sample size L, as verified here near the resonance
center U = 7.2, off-center U = 9.1, and in the large-disorder
shoulder U = 15.9, 30.0. At very small L tunneling through
the bulk causes σ to decrease with L. The variation in line
slope with U and with Fermi energy EF breaks the universal-
ity predicted by scaling theory. (d) The β function. Scaling
theory predicts a universal β = 2/piσ curve independent of
U and EF , shown here as a black dotted-dashed curve, and
also shown in pane (a). The deviations from universality seen
here imply similar behavior in the magnetoconductivity.
we report results obtained from slabs. We also ensure
convergence with slab height H by using thick slabs with
H = 6 in Figure 3a and H = 12 elsewhere. The associ-
ated computational cost is compounded by β’s sensitivity
to statistical errors; very large N = 960− 4800 numbers
of samples - and smoothing in panes (a) and (c) - were
necessary to obtain these low-noise β curves. Leads ef-
fects are minimized by doping them into the metallic bulk
band at EF = 2.
The most prominent feature of our data is highlighted
in Figure 3c: a resonance between the disordered sur-
face states and the bulk band, seen here as a valley in
both 2/piσ and β, which we have plotted as functions
of disorder U at four Fermi levels inside the gap. It is
centered around disorder strength U = [6, 10], matching
the bulk band width ∆E = 10. The resonance is generic
to all TIs, since its physics is generic: surface disorder
displaces the surface states into the bulk, as we already
saw in Figure 2. At weak disorder U the displacement
is small (δ = 0.06 at U = 2 in our model), but as U
passes through the resonance center the surface states
migrate from the disordered surface layer into the clean
bulk. At the resonance center scattering is maximized, as
is mixing between the bulk and the surface states. Since
quantum scattering processes are responsible for the con-
ductivity’s growth, σ is also maximized at the resonance
center. We conclude that outside the resonance center
the bulk tends to decrease the effect of surface disorder.
This will change the magnitude of the surface conduction
in TI samples and will also change the scattering length
and the diffusion constant, each of which can be observed
experimentally.
Figure 3c shows a very interesting feature: at the res-
onance center the four conductivity curves kiss, which
signals that scattering is independent of energy. The
surface density of states (DOS) ρ also must be indepen-
dent of energy, since it determines the scattering time via
τ ∝ (〈U2〉 ρ)−1. This is in remarkable contrast with the
linear DOS ρ(E) ∝ E seen at zero disorder.
Figure 3b examines the the conductivity growth signa-
ture of topological metals at two values of the Fermi level
EF = 0, 0.2 and four representative disorder strengths.
The growth is very clear in the two pink lines at the top
which lie near the resonance center U = 7.2, and also
in the slightly lower two orange lines which lie slightly
off-center U = 9.1. The lowest four lines lying in the
resonance shoulder U = 15.9, 30.0 do reveal a decreasing
conductivity at small L, but this is a finite-size effect from
the leads: disorder-assisted bulk tunneling between the
leads increases σ in very short samples, and this excess
decreases rapidly with L. (See the supplemental mate-
rial.) Leaving aside this tunneling effect, we find that
σ grows even when its value (per surface) is as small as
σ ≥ 0.31 e2h ≈ 1pi e
2
h . This contrasts with materials with-
out topological protection where any value of σ up to
σC ≈ 1.4 e2h produces a decreasing conductivity19,27,54–57,
and proves that a TI’s conductivity growth is robust
against bulk effects.
The details of Figure 3 can be compared with the one
parameter scaling theory of conduction, which makes
specific predictions about the diffusive regime. Scaling
theory’s most important prediction is universality: the
only effect of changing the disorder strength and Fermi
level should be to rescale both the scattering length l and
the overall length scale.58 The β function is not sensitive
to l, so it should be universal. Numerical works on topo-
logical metals have shown that this universal curve agrees
quite well with β(σ) = 1/piσ, even when σ ≈ 1/pi is quite
small.19,20,25,59 In consequence σ grows logarithmically
∝ 1/pi lnL. In our TI slabs β and σ are multiplied by 2
for the two surfaces. In summary, scaling theory predicts
that in Figure 3d the β(σ) curves should all coincide with
each other and with the 2/piσ black dotted line, and that
in Figure 3c each solid β(σ) line should coincide with its
5partnering dashed 2/piσ line. Moreover the conductivity
curves in Figure 3b should all follow straight lines with
the same slope 2/pi. These universal results are at the ori-
gin of the Hikami-Larkin-Nagaoka formula which gives a
universal prediction for the conductivity’s response to a
small magnetic field, and in particular the 2/pi coefficient
in these scaling theory predictions transfers over directly
to the HLN formula’s magnitude.59
Near the resonance center U ≈ 7.2 we find excellent
agreement with scaling theory, as evidenced by the pink
straight line conductivity curves found in Figure 3b and
by the pink β curves in Figure 3d which coincide nicely
with 2/piσ. The excellent agreement with scaling the-
ory indicates that at the resonance center conduction is
completely determined by diffusion and its quantum cor-
rections, and that the scattering length is very small.
At other disorder strengths we find that scaling the-
ory’s universality is systematically violated. We begin
well within the resonance at U = 9.1, which is shown in
the orange lines in Figures 3b,d. These lines are straight,
indicating that the conductivity grows with the dimen-
sionless quantity lnL, and proving that σ is not con-
trolled by any finite size effect. However the lines’ slope
is clearly smaller than the U = 7.2 slope (20% smaller
at E=0 and 12% at E=0.2), so β is smaller than scaling
theory’s 2/piσ. Figure 3c confirms this, showing that at
disorder strengths near the resonance center the solid β
lines lie consistently below the dashed 2/piσ lines. This
cannot be attributed to finite size effects or other errors,
and is an unambiguous signal of non-diffusive conduction.
Turning to the resonance shoulder (U = 15.9, 30.0), at
large L we find that β consistently exceeds the universal
scaling theory prediction 2/piσ for E = 0.2, 0.3, as seen
both in Figure 3c and in the blue dotted E = 0.2,W = 30
curves in Figure 3b,d. This non-universal conduction is
likely superdiffusive, somewhere between diffusion and
ballistic motion. Once again this cannot be a finite size
effect, since Figure 3b shows that in long L = 35 sam-
ples σ always becomes roughly linear, i.e. proportional
to lnL. This is confirmed by Figure 3d, which shows β
converging toward the decreasing β ∝ 1/σ form which
accompanies σ ∝ lnL. We have checked that in longer
L ≤ 70 samples all of the β curves shown here begin de-
creasing. We conclude that the TI bulk reduces the topo-
logical metal’s scattering and leaves the conductivity in
a non-diffusive, non-universal regime that is sensitive to
sample details such as disorder strength and Fermi level.
This has immediate consequences for experimental mea-
surements of the magnetoconductivity. In particular, its
magnitude should be sensitive to variations of the disor-
der strength and the Fermi level, in synchrony with the
changing magnitude of β and σ.
sectionConclusions In summary, our results confirm
that the topological metal is robust against bulk effects
when a finely-tuned magnetic field is applied, but also
reveal that its response to disorder and to the magnetic
field is substantially changed by the bulk. The bulk
alters the PCC’s decay, protects the topological metal
from surface disorder except when the disorder is in res-
onance with the bulk, and pushes conduction into a non-
diffusive, non-universal regime where it is sensitive to the
Fermi energy and the disorder strength.
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Appendix A: Convergence of the PCC’s Decay
Length λ in Slabs
In Figure 4c in the main article we plot the PCC decay
length λ in slabs of width W = 3. The small width
allowed us to calculate very long slabs with lengths up
to L = 106. Here we show that in slabs the decay length
is roughly independent of slab width and is already close
to convergence at W = 3.
Figure 4 here shows λ as a function of W in slabs with
cross-section H×W . The left-most data points at W = 3
are shown in the main article’s Figure 4c. The disorder
strength is U = 2, the Fermi energy in both the leads
and the sample is EF = 0.7, and the number of samples
is bounded below by N ≥ 240.
The only significant convergence problem is an oscil-
lation at small W due to state quantization across the
width of the slab. λ’s value at W = 3 is pretty close to
its value at W = 40. Moreover the difference between λ’s
values at different heights H is independent of W . We
conclude that the width W = 3 used in the main article
causes only small errors in our results.
Appendix B: Determination of the Scattering
Length
Figure 5 supports our measurement of the scattering
length λ ≈ 30, which we obtain by fitting the conduc-
tance to G(L=0)G(L) = (L/λ)+ρ, where ρ includes the physics
of the contact resistance.60 We use G(L = 2) instead of
G(L = 0), which causes only a small error in our fitting.
The scattering length is determined to be λ = (0.031)−1.
Appendix C: Large Slabs and Wires Give Identical
Results in the Diffusive Regime
In the main article we state that in the diffusive regime
both large slabs and wires have the same conductivity.
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FIG. 4: (Color online.) Convergence of the PCC decay
length λ with slab width W . Curves at four slab heights H =
3, 4, 5, 6 are equally spaced, showing that the linear coefficient
of lnλ’s dependence on H is independent of W .
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FIG. 5: (Color online.) Scattering length at disorder
strength U = 2. We show G(L = 2)/G(L) as a function
of wire length L in a 10 × 10 wire. The dotted line shows
a best linear fit. Its slope, 0.031, is the inverse scattering
length λ−1. EF = 0.7 in both the sample and the leads, and
the disorder strength is U = 2. The number of samples is
N = 864.
Here in Figure 5 we plot raw σ data for both types of
samples, as a function of finite wire circumference and
finite wire width. We set the disorder strength U = 7.2
in the resonance, and the sample height is H = 6 for both
wires and slabs. We set the Fermi energy EF = 0.0 in the
sample and EF = 2.0 in the leads, but identical results
are obtained when EF = 0.2 in the sample. The number
of statistics is N = 12000 at W = 5, 10, N = 9600 at
W = 15, N = 4800 at W = 20, N = 2400 at W = 30,
N = 960 at W = 40, and N = 480 at W ≥ 50.
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FIG. 6: (Color online.) Large diffusive slabs and wires give
identical conductivities. (a) Convergence with wire circumfer-
ence 2(W+H) of σ in wires. (b) Convergence with slab width
W of σ in slabs with lengths L = 25, 33, 50, 100. The disor-
der strength is in the resonance U = 7.2 and the Fermi energy
energy is EF = 0. Identical results are found at EF = 0.2.
The main result of these figures is that the conductance
σ converges quickly with sample width/circumference,
and that at W > 40 there is little or no difference be-
tween slabs and wires. In particular, the Berry phase gap
has little effect at W > 40 for two reasons: (1) The gap
size scales with 1/W , and (2) the sample is in diffusive
regime, where the disorder broadens the band edges and
erases the gap.
Appendix D: Disorder-Assisted Tunneling Between
the Leads in Very Short Slabs
In the main article we briefly discuss disorder-assisted
tunneling between the leads, which in short samples in-
creases the conductivity and reverses the sign of the beta
function and its derivative. Here in Figure 7 we highlight
disorder-assisted tunneling between the leads, which oc-
curs in very short samples. This is raw data obtained by
averaging N = 4320 samples. We use slabs with a 6× 60
cross-section, and set the Fermi energy at E = 0 in the
sample and E = 2 in the leads.
The surface states’ resonance with the bulk band is
visible as a peak in both σ and β. Inside this peak the
derivative β(L) is a positive and slowly decreasing func-
tion of L, as expected from scaling theory. On the wings
of the resonance β is a negative and increasing function
of L, because tunneling between the leads increases the
conductance. This tunneling has the greatest effect at
L = 2, and decays rapidly with sample length, causing
the decreasing conductivity and negative beta.
This data should be compared to wide W  L
graphene strips, where at small L the conductivity con-
verges to 4pi
e2
h , and at other L the conductivity is always
greater than 4pi
e2
h .
25 Moreover at small L graphene’s β
converges to zero. Like graphene, our data does show
that in TIs at the Dirac point the conductivity is never
smaller than 2pi
e2
h . (The factor of 2 difference is associated
with the different number of Dirac cones in TIs.) How-
ever, unlike graphene our data also shows that in TIs the
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FIG. 7: (Color online.) Disorder-assisted tunneling in very
short TI slabs. We plot σ(L) and its derivative β(L) as func-
tions of disorder strength U in slabs with very short lengths
L = 2, 3, 4, 5, 6.
conductivity at L→ 0 depends on disorder and is always
larger than 2pi
e2
h , presumably because disorder increases
the coupling between the leads. This is manifested also
in the L → 0 limit of β, which is nonzero and depends
on disorder.
Appendix E: Convergence of the Conductivity and
the β Function with Slab Height and Width
Here in Figure 8 we examine finite size corrections to
the σ and β curves in panes b and d of the main article’s
Figure 8. We use the same parameters as in the main
article’s Figure 3. The only difference is that in panes a
and c of Figure 8 we change the slab height from H = 12
to H = 6, and then plot the ratios of σ’s and β’s values
at these heights. Similarly in panes b and d of Figure
8 we change the slab width from W = 40 to W = 80
while keeping the slab height fixed at H = 6, and then
plot the ratios of σ’s and β’s values at these two widths
W = 40, 80. In order to reduce noise in β we have splined
and smoothed the conductivity data prior to computing
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FIG. 8: (Color online.) Finite size effects on the conductivity
σ and on the β function. (a) Corrections to the conductivity
caused by the slab height H. We compare H = 6 to H = 12
and keep the width fixed at W = 40. (c) Corrections to β
caused by the slab height H = 6, 12, with W = 40. (b)
Corrections to the conductivity caused by slab width W . We
compare W = 40 to W = 80 and keep the height fixed at H =
6. (d) Corrections to β caused by slab width W = 40, 80 with
H = 6. We used N = 4800 samples for the H = 12,W = 40
data, N = 8640 samples for the the H = 6,W = 40 data, and
N = 2160 samples for the H = 6,W = 80 data.
β.
Panes a and c of Figure 8 compare the slab heights
H = 6, 12. We expect that H = 12 is quite close to the
H = ∞ limit because height effects should be regulated
by an exponential. At L > 7 the main effect of tunneling
in thin slabs is to multiply the conductivity by a factor
which is less than one. Figure 8a show that this factor is
very weakly dependent of length L > 7, and is roughly
independent of the Fermi energy E. However the tun-
neling factor does depend on the disorder strength U -
it is a 10% effect at the resonance center U = 7.2, and
a 13-14% effect at other disorder strengths. Because the
tunneling factor depends only weakly on length L > 7,
the tunneling effect on β is rather small, as seen in pane
(c). Since the H = 6 tunneling errors in both β and σ
are small, we expect that tunneling errors are negligible
in the H = 12 data presented in the main article’s Figure
3.
Panes b and d of Figure 8 compare the slab widths
W = 40, 80. This error should be regulated by 1/W , so
the difference between W = 80 and W =∞ will be of the
same magnitude as the difference plotted here between
W = 40 and W = 80. Pane (b) shows that in smaller
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FIG. 9: (Color online.) Convergence of the conductance G
as a function of cross-section in short wires and slabs. (a)
The conductance as a function of slab length L, at many slab
heights H. The inset magnifies the L = [100, 800] data. The
slab width is W = 20. Panes (b-d) show the conductance at
disorder U = 2, divided by its quantized value in pure samples
where the conductance is independent of L. (c) Convergence
with slab width W , with a closeup shown in the inset. (b)
Convergence with W = H in square wires. (d) Convergence
with width W in rectangular wires of height H = 16, with a
closeup shown in the inset.
slabs the conductivity is overestimated by a few percent.
We have considered correcting the W = 40 data in the
main article’s Figure 8 to account for the overestimate of
σ, but the correction makes little visible impact on Figure
8 and no change in our conclusions. Pane (d) shows that
in W = 40 slabs at L > 7 the finite size error in the β
function is small enough that it is difficult to distinguish
from statistical noise, and depends in a complicated way
on the Fermi level, the disorder strength, and the sample
length. β may be either overestimated or underestimated
by as much as 7%, but usually around 3-4%, close to the
noise level. Both the complicated profile and the small
magnitude of the finite size error in β imply that this
error does not affect our conclusions.
Appendix F: Convergence of the Conductance with
Height and Width in Slabs and Wires
Panes 3b,3c, and 3d of the main article’s Figure 3 plot
the conductivity and beta function in slabs of width W =
44 and height H = 12. Here in Figure 9 we examine
conductance’s convergence as a function of cross-section
in both slabs and wires.
In pane 9a we keep the slab width fixed at W = 20,
so that the conductance should converge to a height-
independent value. In panes 9b-9d we obtain a conver-
gent observable by dividing the conductance at disor-
der strength U = 2 by its value in a pure sample where
the conductance is independent of length. In all panes
the disorder strength is U = 2, and the Fermi energy is
EF = 0.7 both in the leads and in the sample. The num-
ber of samples is N = 240 in panes 9a, 9c, and 9d. In
Pane 9b we calculated 9600 wires with 2 × 2 and 3 × 3
cross-sections, 4800 wires with a 4× 4 cross-section, 480
wires with 6× 6 and 8× 8 cross-sections, 120 wires with
10 × 10 and 20 × 20 cross-sections, and finally 60 wires
with a 35× 35 cross-section.
Pane 9a shows that in slabs H = 3 is sufficient to
obtain good convergence at L < 100 and thatH = 6 gives
good convergence out to L = 800. Pane 9c shows that in
H = 16 slabs fairly good convergence is obtained at W =
20 but W = 40 gives even better results. Interestingly,
W = 15 gives poorer results than W = 10. The delayed
convergence at L ≥ 80 is caused by the PCCs which
cause G(U = 2)/G(L = 0) to scale with 1/W . Pane 9b
shows that in W ×W wires W = 6 already gives good
convergence at L < 300. Pane 9d shows that in W × 16
wires fairly good convergence is obtained at W = 4, 8, 10,
but the best convergence is found when W > 40.
From Figure 9a, in conjunction with Figure 4 in the
supporting material, we conclude that the surface states’
penetration depth is very short, and that convergence
with respect to slab height is controlled by an exponen-
tial. As long as L < 100 we can expect very thin H = 3, 4
slabs to give nearly converged results. These results were
obtained at disorder strength U = 2, and we can expect
some change at larger disorders U = 8, 40. However since
we are using surface disorder we expect the convergence
threshold in slabs to shift by only 2, to H = 5, 6. The
small-W data in figures 9b and 9d show the same very
fast decay of tunneling in thin wires.
Figures 9b and 9d also show that convergence is not
fully achieved until dimensions of 30 − 60 are reached.
This is not a tunneling effect, but instead a finite size
effect caused by the finite lateral dimension in slabs, and
by the finite circumference in wires. It is small compared
to the tunneling effect, but persists to much larger cross-
sections.
In conclusion, the results of Figure 9 inform us that
in the main article’s Figure 3 tunneling effects should be
small because the height is H = 12, and finite size effects
should also be small because the width is W = 44.
Appendix G: Agreement of β’s First Derivative with
Scaling Theory
In the main article’s Figure 3c we checked the agree-
ment of β with the scaling theory prediction 2/piσ, as a
function of disorder strength U and at four Fermi levels.
Here in Figure 10 we examine β’s first derivative dβ(L)d lnL ,
which should be equal to −β2 if scaling theory holds.
Both β and its first derivative were calculated at L = 26
after doing a linear fit to our raw β data over the range
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FIG. 10: (Color online.) β’s first derivative. dβ(L)
d lnL
(solid
lines) vs. the scaling theory prediction −β2 (dashed lines) at
L = 26 and four Fermi levels.
lnL = [ln 5, ln 54]. We used N = 480 6×60×60 slabs for
this calculation. Our results show that in the resonance
center the scaling theory prediction is roughly verified,
but outside of the center the agreement vanishes. The
main article’s Figure 3d shows that when we increase the
slab size and the length L the disagreement seen here is
considerably diminished at large L, hinting that dβ(L)d lnL ’s
agreement with −β2 also may improve at large L.
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